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Abstract
We introduce a new construction method for semipartial geometries, called point derivation,
which is a generalization of the known theory of constructing partial quadrangles from generalized
quadrangles. © 2003 Elsevier Ltd. All rights reserved.
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1. Introduction
1.1. The partial geometry P Q+(4n − 1, q), q = 2, 3
Partial geometries were introduced by Bose in [1] and semipartial geometries by
Debroey and Thas in [6]. Semipartial geometries generalize both the partial quadrangles
and the partial geometries. For further references on partial and semipartial geometries,
and their connection with strongly regular graphs, see [3, 5].
The construction of the partial geometry PQ+(4n − 1, q), q = 2 or 3, uses a spread of
the hyperbolic quadric Q+(2m − 1, q), which can only exist if m is even. Given a quadric
Q+(4n − 1, q) in PG(4n − 1, q), it is well known that the set of generators (which have
projective dimension 2n − 1) on it, can be divided into two disjoint families D1 and D2,
each of the same size. Two generators on Q+(4n − 1, q) belong to the same family if and
only if their intersection has an odd projective dimension. If D, D′ ∈ Di (i = 1 or 2) such
that D ∩ D′ = ∅ and if X is a hyperplane of D, then the polar space X∗ of X with respect
to the polarity defined by the quadric intersects D′ in a point. Note that the elements of an
orthogonal spread are necessarily of one family, say D1.
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Construction for q = 2
Assume q = 2, then the existence of an orthogonal spread has been settled by
Dye [9]. De Clerck et al. [4] constructed an infinite class of partial geometries as follows.
Consider the incidence structure PQ+(4n − 1, 2) = (P,L, I ) with P the set of points of
PG(4n − 1, 2) not on the quadric; L the set of all hyperplanes of the elements of a fixed
orthogonal spread Σ ; x I L, x ∈ P and L ∈ L, if and only if x is contained in the polar
space L∗ of L with respect to Q+(4n − 1, 2). This is a
pg(22n−1 − 1, 22n−1, 22n−2),
and non-isomorphic orthogonal spreads produce non-isomorphic partial geometries.
Construction for q = 3
For q = 3, a similar construction is given by Thas [13]. Let Q be a non-singular
hyperquadric of PG(N, q), q odd (N ≥ 2). Let x and y be two points in PG(N, q)\Q,
then x and y are called equivalent if and only if there exists a point z ∈ PG(N, q)\Q
such that the lines xz and yz are tangent lines of Q. Then Thas [13] proved that the set
PG(N, q)\Q is partitioned into two classes. If Q = Q−(2m − 1, q) then we denote these
classes by E−i (2m − 1, q), i = 1, 2. If Q = Q+(2m − 1, q) then we denote them by
E+i (2m − 1, q), i = 1, 2. And if Q = Q(2m, q) then we denote them by Ei (2m, q),
i = 1, 2. For more information about these classes we refer to [13].
Assume N = 4n−1 (that is m = 2n) and let Q+(4n−1, 3) be a hyperbolic hyperquadric
in PG(4n − 1, 3). Then the construction of the partial geometry PQ+(4n − 1, 3) by Thas
is similar as for the case q = 2 considered above. But in this case only half of the
points outside the quadric Q+(4n − 1, 3) are considered, that is we take one of the sets
E+i (4n − 1, 3), i = 1, 2, to be the point set P . The line set L is the set of all hyperplanes
of the elements of a fixed orthogonal spread Σ of Q+(4n − 1, 3); x I L, x ∈ P and L ∈ L,
if and only if x is contained in the polar space L∗ of L with respect to Q+(4n − 1, 3). We
get a possibly infinite family of partial geometries
pg(32n−1 − 1, 32n−1, 2 · 32n−2).
But up to now it is only known that Q+(7, 3) has an orthogonal spread, even being unique
up to isomorphism [12], which yields a pg(26, 27, 18).
Notation
We denote a line of PQ+(4n − 1, q), q = 2, 3, considered as point set with a capital
letter, for example L. If we consider the same line as a hyperplane of an element of Σ then
we denote it by πL .
Note that the polar space (πL)∗ of πL with respect to Q+(4n − 1, q) intersects the
quadric in a cone with top πL and base a Q(2, q). Out of the q + 1(2n − 1)-dimensional
spaces through the (2n − 2)-dimensional space πL and contained in the 2n-dimensional
space (πL)∗, two of them are contained in the quadric Q+(4n − 1, q), and q − 1 of them
only intersect the quadric in πL . Let us denote these q − 1 spaces by Π1, . . . ,Πq−1. If
q = 2 then L is the point set of the affine space Π1\Q+(4n − 1, q). If q = 3, then points
of Π1 and Π2 not in Q+(4n − 1, q) cannot be contained in the same set E+i (4n − 1, 3),
i = 1, 2. Therefore L is the point set of the affine space Πi\Q+(4n − 1, q) or i = 1 or 2.
M. Delanote / European Journal of Combinatorics 24 (2003) 733–740 735
Now consider a hyperplane π of an element of Σ , then we denote with Lπ the set of
points of the affine space being points of the line π in PQ+(4n −1, q), q = 2, 3, that is the
intersection of π∗ with the point set of PQ+(4n − 1, q), q = 2, 3. And so πLπ = π and
LπL = L.
1.2. The semipartial geometry P Q(4n − 2, q), q odd
It is well known that the point set outside a parabolic quadric Q(2m, q), q odd, can
be divided into two classes. Let the point set E1(2m, q) (respectively E2(2m, q)) denote
the set of points of PG(2m, q)\Q(2m, q) whose polar space intersects Q(2m, q) in a non-
singular elliptic (respectively hyperbolic) quadric. The points of E1(2m, q) (respectively
E2(2m, q)) are called the internal (respectively external) points of Q(2m, q). These sets
correspond with the sets Ei (2m, q), i = 1, 2 of Thas [13].
In [7, 8] the author constructed a family of semipartial geometries with new parameters
using a spread of the parabolic quadric Q(4n − 2, q), q odd.
Note that the parabolic quadric Q(4n, q) in PG(4n, q) with q odd has no spreads
(see [14]). The existence of spreads of Q(4n−2, q), n > 2 and q odd, is still open, whereas
Q(6, q) with q an odd prime or q ≡ 0 or 2(mod )3 has spreads (see for example [15]).
Construction
Let Σ be an orthogonal spread of Q(4n − 2, q), n ≥ 2, q odd. Let Hyp(Σ ) denote
the set of hyperplanes of the elements of Σ . For every element X of Hyp(Σ ), let LiX ,
i = 1, . . . , q(q−1)2 , denote the (2n−2)-dimensional affine subspaces in X∗∩ E1(4n−2, q)
having X at infinity. Define the incidence structure SPQ(4n−2, q) = (E1(4n−2, q),L,∈)
with
L =
{
LiX : i = 1, . . . ,
q(q − 1)
2
, X ∈ Hyp(Σ )
}
.
Theorem 1 (Delanote [7, 8]). The incidence structure SPQ(4n − 2, q) is an
spg(q2n−2 − 1, q2n−1, 2 · q2n−3, 2 · q2n−2(q2n−2 − 1)).
Remarks
1. The construction of the semipartial geometry SPQ(4n − 2, q), q odd, depends
on the existence of orthogonal spreads. Different spreads can yield different
geometries. Take for example the quadric Q(6, 3). It has exactly three non-
isomorphic spreads (R. Mathon, private communication), yielding at least three non-
isomorphic semipartial geometries of type SPQ(6, 3), which are spg(8, 27, 6, 144).
2. Thas [16] generalized the infinite class of semipartial geometries SPQ(4n − 2, 2)
of [7] to a class of (semi)partial geometries that includes several other known
examples. Independently the author adapted the proofs of [7] for SPQ(4n − 2, q),
q odd, in [8]. Note that the order of publication is first [7], then [16] and then [8].
Thas generalized the concept of an SPG-regulus of a polar space P to an SPG-
system of P . His ingenious new point of view could open a lot of perspectives for
new constructions and characterizations of (semi)partial geometries.
736 M. Delanote / European Journal of Combinatorics 24 (2003) 733–740
2. Point derivation
We now introduce a construction method for semipartial geometries, which is a
generalization of the known theory (see [5]) of constructing partial quadrangles from
generalized quadrangles.
2.1. Construction
Definitions
Let S = (P,L, I ) be a partial geometry pg(s, t, α). Let p be any point of S, let p⊥ be
the set of points of S collinear with p (including p) and let L(p) denote the set of lines of
S that contain p. Then consider the following incidence structure Sp = (Pp,Lp, Ip) with
Pp = P\p⊥, with Lp = L\L(p) and with Ip = I ∩ ((Pp × Lp) ∪ (Lp × Pp)). We call
Sp the geometry derived from S with respect to the point p. In this case we also call Sp
the point derived from S.
Theorem 2. Let S = (P,L, I ) be a pg(s, t, α) and let p be a point of S such that for
any triad {p, y, z} of non-collinear points, the set {p, y, z}⊥ of points in S collinear with
p, y and z has constant cardinality η. Then the derived geometry Sp = (Pp,Lp, Ip) with
respect to p is an
spg(s − α, t, β, α(t + 1) − η)
if and only if ∀L ∈ L,∀x ∈ Pp : |L ∩ p⊥ ∩ x⊥| ∈ {α, α − β}.
Proof. Since for every antiflag (p, L) of S, α(p, L) = α, we immediately have that the
number of points on a line of Sp equals s −α+1 while the number of lines through a point
of Sp remains t + 1. And so Sp is a partial linear space of order (s − α, t).
Let (x, L) be an antiflag of Sp , then α(x, L) = 0 if and only if in S we have
|L ∩ p⊥ ∩ x⊥| = α and α(x, L) = β if and only if in S|L ∩ p⊥ ∩ x⊥| = α − β.
A line through p or x always intersects p⊥ ∩ x⊥ in α points.
Let y, z be two different non-collinear points of Sp . Then p, y, z are three different non-
collinear points of S. Hence there are a constant number η of points that are collinear with
all three of p, y, z. Since S is a partial geometry there are α(t + 1) points of S collinear
with both y and z. Hence there are α(t + 1) − η points of S that are collinear with y and
z but that are non-collinear with p and so these α(t + 1) − η points are contained in the
point set of Sp . This proves the result. 
Lemma 3. Assume that Sp is an spg(s − α, t, β, µ) derived from a pg(s, t, α)S with
respect to a point p of S. Let p, y, z be a triad of non-collinear points of S, and assume
η = |{p, y, z}⊥|. Then
µ = αt (t + 1)(s − α)(s − α − β + 1)
st (s − α + 1) − α(s − α)(t + 1) − α (1)
η = α(t + 1)(α(t − 1) + (s − α)(βt − α))
st (s − α + 1) − α(s − α)(t + 1) − α (2)
β = (s − α)(α(t + 1)(α − η) + ηst) − α
2(t2 − 1) + η(st − α)
αt (t + 1)(s − α) (3)
are positive integers.
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Proof. The second subconstituent of the geometric graph Γ (S) is a semigeometric
strongly regular graph Γ (Sp). Hence we can calculate the parameters of the graph Γ (Sp)
in terms of s, t, α, β and µ. Recall the well known equality k(k − λ − 1) = µ(v − k − 1)
for a strongly regular graph srg(v, k, λ, µ) (see for example [2]). Solving this equality for
the strongly regular graph Γ (Sp) in terms of µ yields
(s − α)(t + 1)t (s − α − β + 1) = µ
(
st (s − α + 1)
α
− (s − α)(t + 1) − 1
)
and the first result follows.
Since µ = α(t +1)−η we can solve Eq. (1) in terms of η in order to obtain (2). Finally
solve Eq. (2) in terms of β and Eq. (3) follows. 
2.2. The partial geometry P Q+(4n − 1, 3)
Lemma 4. For any triad {x1, x2, x3} of non-collinear points of the partial geometry
PQ+(4n − 1, 3) the set {x1, x2, x3}⊥ has constant cardinality
η = 4 · 32n−2(32n−2 + 1).
Proof. Two points are collinear in PQ+(4n − 1, 3) if and only if they are non-orthogonal
with respect to the quadric Q+(4n − 1, 3) [11]. A line Lki of PQ+(4n − 1, 3) through xi
(k ∈ {0, . . . , 32n−1}) can be identified with a (2n − 1)-dimensional space intersecting
the quadric in a (2n − 2)-dimensional space πki which is a hyperplane of an element
σk of an orthogonal spread Σ of the quadric Q+(4n − 1, 3). And so the lines Lki ,
k = 0, . . . , 32n−1, i = 1, 2, 3, of PQ+(4n − 1, 3) through xi define a spread
Σi = {π0i , . . . , π3
2n−1
i }
of the quadric Qi (4n − 2, 3) = x∗i ∩ Q+(4n − 1, 3).
Since the projective line 〈x1, x2〉, is an exterior line of Q+(4n − 1, 3) we obtain that
x∗1 ∩ x∗2 ∩ Q+(4n − 1, 3) is a non-singular elliptic quadric Q−1,2(4n − 3, 3) and the lines of
PQ+(4n − 1, 3) through x1 and x2 define a spread
Σ1,2 = {X01,2 = π01 ∩ π02 , . . . , X3
2n−1
1,2 = π3
2n−1
1 ∩ π3
2n−1
2 }
of the quadric Q−1,2(4n − 3, 3).
Since an exterior line contains exactly two points of PQ+(4n − 1, 3), the plane
〈x1, x2, x3〉 is a plane intersecting Q+(4n − 1, 3) in a non-singular conic. Therefore
x∗1 ∩ x∗2 ∩ x∗3 ∩ Q+(4n − 1, 3) is a non-singular parabolic quadric Q1,2,3(4n − 4, 3).
Suppose that Q1,2,3(4n − 4, 3) contains a elements of the spread Σ1,2. Then counting
in two different ways the ordered pairs (v, X) with v ∈ Q1,2,3(4n − 4, 3) and X ∈ Σ1,2
such that v ∈ X , implies
34n−4 − 1
2
= a
(
32n−2 − 1
2
)
+ (32n−1 + 1 − a)3
2n−3 − 1
2
.
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From which follows that a = 4. Without loss of generality, let X01,2, . . . , X31,2 denote
the four elements of Σ1,2 contained in Q1,2,3(4n − 4, 3). Let Pk1, j denote the (2n − 2)-
dimensional affine space x∗j ∩ Lk1, j = 2, 3. Then the points of Lk1 (k ∈ {0, . . . , 32n−1})
collinear with x j are the points of Lk1\Pk1, j , j = 2, 3. Then for k = 4, . . . , 32n−1 we obtain
that Lk1 ∩ x∗2 ∩ x∗3 = Pk1,2 ∩ Pk1,3 is a (2n − 3)-dimensional affine space and the points
of Lk1 that are collinear with both x2 and x3 are the 4 · 32n−3 points of Lk1\(Pk1,2 ∪ Pk1,3).
For k = 0, . . . , 3 we obtain that Lk1 ∩ x∗2 ∩ x∗3 = Pk1,2 = Pk1,3. Therefore the points of Lk1
(k = 0, . . . , 3) that are collinear with both x2 and x3 are the 2 · 32n−2 points of Lk1\Pk1,2.
Hence in total there are
4 · 32n−3(32n−1 − 3) + 8 · 32n−2 = 4 · 32n−2(32n−2 + 1)
points of PQ+(4n − 1, 3) collinear with all three of x1, x2 and x3. 
Remarks
Lemma 4 is not true for the partial geometry PQ+(4n − 1, 2). In this case collinearity
translates into orthogonality instead of non-orthogonality but actually this is only a minor
problem. The fact that a triad of non-collinear points spans either a projective line (and so
an exterior line) or a (secant) plane is crucial.
Lemma 5. Let x1 and x2 be two non-collinear points of PQ+(4n − 1, 3), then a line of
the geometry missing x1 and x2, intersects the set {x1, x2}⊥ of points of PQ+(4n − 1, 3)
collinear with both x1 and x2, in either 2 · 32n−2 or 4 · 32n−3 points.
Proof. From the proof of Lemma 4 we see that if x3 /∈ x⊥1 ∪x⊥2 , then there are exactly four
lines through x3 intersecting the set {x1, x2}⊥ in 2 · 32n−2 points, while there are exactly
32n−1 − 3 lines through x3 intersecting {x1, x2}⊥ in 4 · 32n−3 points. 
Corollary 6. The partial geometry PQ+(4n − 1, 3) has a point derived semipartial
geometry
Sp = spg(32n−2 − 1, 32n−1, 2 · 32n−3, 2 · 32n−2(32n−2 − 1)).
Proof. The theorem is an immediate consequence of Theorem 2. Note that by Lemma 4
the point graph of Sp is strongly regular with
µ = 2 · 32n−2(32n−2 − 1).
On the other hand we have by Lemma 5 that for any line L of S and any point x of Sp , L
intersects p⊥ ∩ x⊥ in either 2 ·32n−2 or 4 ·32n−3 points. Hence in Sp the incidence number
α(x, L) of any antiflag (x, L) is 0 or 2 · 32n−3, and the result follows. 
Theorem 7. Let S denote the partial geometry PQ+(4n − 1, 3), then the point derived
semipartial geometry Sp is isomorphic to SPQ(4n − 2, 3).
Proof. Consider a point p of PQ+(4n − 1, 3). Recall that collinearity in the partial
geometry translates to being non-orthogonal with respect to Q+(4n − 1, 3) and that
p /∈ H = p∗. Let P denote the point set of PQ+(4n − 1, 3) and let Pp denote the point
set of Sp . Since |p⊥| = |P\H |, we obtain that p⊥ = P\H . Therefore Pp = H ∩ P . And
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so the point set of Sp is the point set of SPQ(4n − 2, 3). It is also clear that lines of Sp are
the non-empty intersections of the lines of PQ+(4n − 1, 3) with H . And so the semipartial
geometry SPQ(4n − 2, 3) is isomorpic to the geometry which is point derived from the
partial geometry PQ+(4n − 1, 3). 
Remarks
1. Theorems 2 and 7 immediately yield a different (and shorter) proof of the fact that
SPQ(4n − 2, 3) is indeed a semipartial geometry.
2. Derivation of a partial geometry S with respect to different points can yield different
geometries. Take for example the partial geometry PQ+(7, 3). Then there are at least
three non-isomorphic point derived semipartial geometries. Actually they correspond
with the three semipartial geometries of type SPQ(6, 3), namely with the three non-
isomorphic spreads of an embedded Q(6, 3).
3. Ivanov and Spectorov proved in [10] that every partial quadrangle which is an
spg(q−1, q2, 1, q(q−1)), is point derived and is uniquely extendible to a generalized
quadrangle S. More generally, given a point derived semipartial geometry Sp , we
want to reconstruct the partial geometry S in order to find new partial geometries.
When Sp = SPQ(6, 3) then we can easily find back S = PQ+(7, 3) by embedding
the spread Σ of Q(6, 3) into a spread Σ ′ of Q+(7, 3) by considering elements σ ′i
of one system of generators of Q+(7, 3) such that every σ ′i contains one element σi
of the spread Σ of Q(6, 3), i = 0, . . . , 27. Note that there could be other partial
geometries having the same parameters as PQ+(7, 3), or even having the same point
graph, that yield after derivation the semipartial geometry SPQ(6, 3).
4. The semipartial geometry SPH(3) constructed by Thas using the classical
generalized hexagon of order q (see [16]) has the same point graph and so the same
parameters as SPQ(6, 3). If the semipartial geometry SPH(3) would be point derived
with respect to a partial geometry S, then it is natural to look for a partial geometry
with the same point graph as the partial geometry PQ+(7, 3). In this case the lines of
S cannot be contained in three-dimensional subspaces of PG(7, 3) since this would
imply S to be isomorphic with PQ+(7, 3) (see [8]), which would imply SPH(3) to be
isomorphic with SPQ(6, 3), a contradiction. It is an open question whether SPH(3)
is a point derived semipartial geometry.
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